The Einstein-Cartan-Kibble-Sciama (ECKS) theory of gravity naturally extends Einstein's general relativity (GR) to include intrinsic angular momentum (spin) of matter. The main feature of this theory consists of an algebraic relation between spacetime torsion and spin of matter which indeed deprives the torsion of its dynamical content. The Lagrangian of ECKS gravity is proportional to the Ricci curvature scalar constructed out of a general affine connection so that owing to the influence of matter energy-momentum and spin, curvature and torsion are produced and interact only through the spacetime metric. In the absence of spin, the spacetime torsion vanishes and the theory reduces to GR. It is however possible to have torsion propagation in vacuum by resorting to a model endowed with a non-minimal coupling between curvature and torsion. In the present work we try to investigate possible effects of the higher order terms that can be constructed from spacetime curvature and torsion, as the two basic constituents of Riemann-Cartan geometry. We consider Lagrangians that include fourth-order scalar invariants from curvature and torsion and then investigate the resulted field equations. The solutions that we find show that there could exist, even in vacuum, nontrivial static spacetimes that admit both black holes and naked singularities.
Introduction
General relativity is the most satisfactory and accurate gravitational theory. It provides a well-founded and consistent description of all known gravitational phenomena. This theory describes, in a remarkable way, the gravitational interaction as a purely geometrical effect of the spacetime so that a large number of experimental evidences has confirmed the validity of this theory (on macroscopic scales) as the fundamental theoretical setting for modern astrophysics and cosmology [1] . From tests of gravity performed in the solar system (weak field limit), precession of perihelia of planets, deflection of light during a solar eclipse, gravitational redshift and lensing effects to observations of double neutron stars, and recent discovery of gravitational waves from a binary black hole merger [2] , GR has passed all observational tests [3, 4] . However, this has not stopped a various of efforts to build a better gravitation theory, at least at the classical level we might hope to obtain a richer theory being in closer agreement with experiments. In this sense, physically viable ideas to extend GR have always been welcome owing to the fundamental concepts deeply rooted within physics behind the observed phenomena and open problems which are still unsolved by the theory. Among such question still pending to be solved one may quote from the understanding of astrophysical as well as cosmological spacetime singularities or the nature of dark matter (DM), dark energy (DE) or inflationary era in the very early Universe [5, 6, 7, 8] . Moreover, it could also be remarkable that an improved classical theory of GR will lead to the much-dreamed-of renormalizable quantum theory of gravity. On the other hand, in the regimes where strong gravitational fields are present, e.g., in the evolution of universe at very early times, regions with extreme curvature around the black holes and neutron stars, little progress has been made in examining the predictions of GR [9] . There are two reasons for this mustiness. At first sight, phenomena that occur in the regimes with strong gravitational fields are complicated and are often explosively progressed, making it very tough to detect observable properties that depend purely on the gravitational field and that allow for quantitative tests of gravity theories. The second problem stems from the non-existence of general theoretical framework within which quantified deviations from the predictions of GR in the strong field regime could be recognized.
Our current comprehension of the universe leaves very little skepticism that GR itself fails to predict the physics behind the phenomena occurring at the limit of very strong gravitational fields. For example, the study of Damour and Esposito-Farese [10] revealed one of the main reasons that necessitate careful theoretical studies of possible extensions of GR that could possibly provide a befitting framework with a unique precision strong-field test of gravity. Another important issue deals with providing correctly a basis for including the angular momentum of gravitating sources in the presence of a dynamical spacetime within the same framework. Of most interest is the inclusion of intrinsic angular momentum of matter (spin) within the GR theory. As we know, all elementary particles can be classified by means of irreducible unitary representations of Poincare group and can be labeled by mass and their spin, so that, the former is related to the translational part of the Poincare group and the latter with the rotational part. Therefore, a matter distribution with energymomentum and spin over the spacetime leads to the field theoretical notions of an energy momentum tensor (EMT), T µν , and spin angular momentum tensor τ αβγ of matter 1 [11] . In the macroscopic limit, mass (or correspondingly energymomentum) adds up due to its monopole character while, the spin which is of dipole character usually averages out. Owing to vanishing effects of spin at macroscopic limit, the dynamical characterization of a continuous matter can be successfully achieved by energy-momentum alone. As we have learned from GR, the EMT of matter is the source of gravitational field which is coupled to spacetime metric g µν through a Riemannian manifold. However, when we penetrate into the microscopical realm of matter, we figure out that the spin of matter also comes into play and determines the dynamics of matter distribution. Hence, we expect that, in analogy to the coupling of energy-momentum to the spacetime metric, spin is coupled to a geometrical quantity, i.e., the spacetime torsion, and therefore acts as a source of gravitational field. However, the Riemannian spacetime of GR could not provide a suitable setting in order to introduce the spacetime torsion and has to be slightly generalized to the Riemann-Cartan spacetime U 4 . In this regard, it sounds relevant to look upon GR as the macroscopic limit of a still illustrative microphysical gravity theory. The first attempts towards reaching the simplest generalization of GR can be traced back to Elie Cartan's papers [14, 15, 16, 17] who suggested that spacetime torsion could be exploited as the macroscopic manifestation of the intrinsic angular momentum of matter. After this idea, Kibble and Sciama established the foundations of U 4 theory and highlighted the geometrical role of spacetime torsion in modern physics [18, 19, 20, 21, 22, 23, 24] .
Today, the ECKS gravity is known as a viable description of the gravitational field that takes into account the spin degrees of freedom of matter and describes their influence on the geometrical structure of spacetime. The latter is carried by non-trivial curvature and torsion, and usually called the Riemann-Cartan spacetime U 4 . By coupling the energy-momentum density and the intrinsic angular momentum of the matter to the metric and the torsion tensors respectively and by treating them as independent fields, the ECKS gravity provides the simplest classical generalization of GR. The predictions of the theory differ from those of GR only at extremely high densities, like those expected in the interior of black holes and extremely high matter densities that may have been present in the early stages of the universe [25, 26, 27, 28, 29, 30, 31] . In such superdense regimes, the coupling between spin of matter and spacetime torsion leads to a repulsive gravitational "force", which could (in principle at least) prevent the formation of spacetime singularities [32, 33, 34, 35, 36] .
Since its reemergence in the late 1950s there have been renewed interests in ECKS theory in recent years. As the theory is still considered viable and remains an active field of research, much attempt have been made to generalize ECKS gravity in order to incorporate torsion into novel quantum theories and therefore providing possible extensions of GR to theories of micro-physical interactions [37, 38, 39, 40] , exploring cosmological implications of torsion [41] , emergent universe scenario [42] , gravitational collapse [43, 44] and higher dimensional gravity theories [45, 46, 47] . Work along this line has been carried out in black hole physics [48, 49, 50, 51, 52, 53] where possible effects of torsion can be investigated from astrophysical viewpoint. The importance of black holes for gravitational physics is obvious as their existence can be used as a testbed towards our understanding of strong gravitational fields, beyond the point of small corrections to Newtonian physics and a test of our understanding of astrophysics, particularly of stellar evolution [54] . In this respect, it could be interesting to investigate physics of black holes in the context of gravitational theories with more degrees of freedom e.g. ECKS gravity. However, in this theory, the torsion field equation is unusual as the relationship between spin of matter and spacetime torsion is a pure algebraic equation and not differential. This means the torsion field does not propagate through spacetime as some other fields do. In this form the theory lends itself to straightforward comparison with GR. Though in ECKS theory, the spacetime torsion can not propagate outside of the matter distribution, it is possible to build Lagrangians with higher order corrections describing a dynamical torsion field [55] . Based on these considerations, it may be possible that the spacetime torsion and curvature couple to each other and have direct interaction in the regimes of extreme gravity which are present in a black hole spacetime. Motivated by this idea, our aim in the herein work is to study consequences of including higher order terms from spacetime curvature and torsion and to obtain exact static vacuum spacetimes. The lay out of the present work is as follows. In section 2 we try to construct the corresponding Lagrangian describing interaction between spacetime torsion and curvature. The field equations are then found using variation with respect to torsion and metric, independently. The static vacuum solutions to the field equations are found in section 3 and related discussion about these solution are given, correspondingly. Finally, the conclusions of our study are given in section 4.
Modified action and field equations
As we know, the dynamics of the gravitational field, i.e., the metric field, in GR is described by the Hilbert-Einstein action with the Lagrangian which is linear in curvature scalar. Contrary to GR, in the gravity with torsion there is a considerable freedom in constructing the dynamical scheme, since one can define much more invariants from torsion and curvature tensors. Two most attractable classes of models, namely, the ECKS theory and the quadratic theories. Let us begin with this theory in which the spacetime torsion is introduced as the antisymmetric part of the general affine connection
The Riemann curvature tensor constructed by these connections is given as
The affine connection is metric compatible, i.e.,∇ α g µν = 0 and thus can be written asΓ
where Γ α βγ is the Levi-Civita Christoffel connection and
is defined as the contorsion tensor. Substituting the above expression into (2) we getR
where R λ µνρ denotes Riemann curvature tensor constructed out of Christoffel connection. Contracting twice gives the Ricci curvature scalar as
The metricity condition in GR which is defined as, ∇ α g µν = 0, leaves us with the following expressions
by the virtue of which we can simplify (6) to finally get
where ; ≡ ∇ is the covariant derivate constructed from the Christoffel connection. We therefore obtain the gravitational action for ECKS theory as
where
being the gravitational coupling constant and Lagrangian of minimally coupled matter field(s) Ψ. We are interested here to consider vacuum solutions therefore the ECKS action is not suitable for such a purpose since in this theory the torsion vanishes in the absence of matter. We then consider the following action constructed out of scalar invariants of spacetime curvature and torsion which is given as
where a 1 − a 3 are coupling constants. Using the expression (8) for Ricci scalar we have
where the ECKS Lagrangian L and L 1 − L 3 are defined as
In the present work we take the coupling constant a 1 to be nonzero in action (11) and set the rest of constants to be vanished. We here have two independent tensor fields, i.e., the metric and torsion fields and thus we expect individual field equations for each of them. Consequently, varying action (11) with respect to the torsion field Q αβγ , leaves us with the following equation of motion for spacetime torsion as
and
where τ αβγ is defined as the spin angular momentum tensor given by
Varying action (11) with respect to the metric field we get
are defined as the stress-energy tensor of matter fields, Einstein tensor and the d'alembert operator. We note that for a 1 = 0 the field equations (16) and (20) will reduce to those of standard ECKS theory. Therefore it can be easily seen from equation (16) that for a 1 = 0 and τ αβγ = 0, the left hand side as given in (17) must be zero. Since this expression does not contain any differential of torsion, we then conclude that the spacetime torsion must vanish in vacuum. However, in contrast to ECKS theory where the equation governing the spacetime torsion is of pure algebraic type, we here have a dynamical equation which allows the spacetime torsion to propagate even in the absence of spin of matter. Such a behavior could not be seen in ECKS theory where the torsion vanishes outside the matter distribution [26] . In case in which a 1 = 0 the spacetime torsion can be obtained from (16) via introducing a suitable spin source e. g., Weyssenhoff fluid [56, 57, 58, 59, 60, 61] . Therefore, substituting for the torsion into equation (20) and after a few simplification we will get the so called combined field equations of ECKS theory [26, 27, 28, 29, 30, 31] . However, for a 1 = 0, such a process is completely different to the usual case as one needs to solve for a set of differential equations for torsion and spin as a source to find the dynamics of spacetime torsion. Our focus then here is to search for exact spacetimes that represent static solutions in the absence of matter fields.
Solutions to the field equations
In this section we seek for static vacuum solutions to the field equations (16) and (20) and study their properties. The exact static solutions that we shall find show remarkable deviation from those of GR and could provide a setting to investigate the possible effects of torsion on spacetime geometry.
Class A Solutions
Let us begin with a static spherically symmetric line element given as
where dΩ 2 is the standard line element of a unit two-sphere. In general, it is possible to study spacetimes with 24 independent components of the torsion tensor. However, a physical interpretation of these components is very difficult. In order to find possible restrictions on the components of spacetime torsion, we consider simplifying assumptions using the symmetries of spacetime. For example, if ξ α being a Killing vector field of the metric (24), i.e., L ξ g µν = 0, we require that ξ α leaves the torsion tensor invariant, i.e., L ξ Q µ αβ = 0. Such a restriction on the components of torsion has been proposed earlier in cosmological setting see e.g., [62] . The Lie derivative of torsion leaves us with the following equation
The time-like and space-like Killing vector fields of metric (24) (25) will be satisfied for both Killing vector fields. Such a choice for torsion components has been also justified in [63] . The field equations (16) and (20) in vacuum then read
as the [t,t] component of (20),
as the [r,t] component of (20),
as the [r,r] component of (20) and
as the [θ, θ] and [φ, φ] components of (20) . The field equations in vacuum for (16) are obtained as
as the [r,r,t] component of (16)
as the [θ, θ, t] and [φ, φ, t] components of (16) . We note that the [θ, θ, r], [φ, φ, r] and [t,t,r] components of (16) are proportional to (27) with factorF (A + 2B). Solving equation (27) for H(r) we get
where c 1 is a constant of integration. Substituting for H(r) into equations (26), (30) and (31) along with setting A(r) = b 1 B(r) and c 1 = 2a 1 , we arrive at a single differential equation as
where b 1 is dimensionless constant and with the above considerations, equations (28) and (29) are satisfied correspondingly. The differential equation (33) admits a general solution for the metric function F (r), given as
where c 3 is the integration constant. In order to find the metric functions g tt (r) = −H(r) and g rr (r) = 1/F (r) we need to determine the functionality of B(r). One way to simplify the integral (34) is to consider the following differential equation for B(r) as
for which the solution reads
where c 1 and c 2 are integration constants. Substituting for B(r) back into the integral (34) we find
where 2 F 1 is the hyper-geometric function and
Let us choose n = 1 2 for which we get
and 
where we have redefined the constants c 1 and c 2 . An asymptotically flat solution can be obtained by setting
The behavior of metric functions has been plotted in Fig. (1) . On the left panel we see the behavior of radial component of metric, the location of event horizon (r H ) is determined by the condition F (r) = 0. However, for c 2 < 0 and c 1 > 0, there is no infinite redshift surface as the temporal component of the metric never vanishes. For r → ∞, the geometry becomes a Minkowski flat spacetime. For r > r H the metric signature is Lorentzian, however, as we pass through the horizon (r < r H ) the radial component becomes negative and the metric signature changes to (−−++), exhibiting a spacetime with 2+2-signature [64, 65, 66, 67, 68, 69, 70] . Such a metric signature is physically interesting as it has applications in self-dual super-gravity and super-string theories [71, 72, 73, 74, 75, 76, 77, 78, 79, 80] , the analysis of spinors in 2 + 2 dimensions [81, 82] , cosmological models [83] and black hole like solutions [84] . Another type of solutions can be found by setting
where q 0 and m 0 are constants. We then get the following differential equation for 
where c 4 is an integration constant and ξ(r) = r(r − 2m 0 ) + q 2 0 . From the above expression and the second part of (43) we can find the temporal component of metric as H(r) = (9/2)a 1 B 2 (r). This solution is asymptotically flat for a suitable choice of c 4 as given by
where (47) and we have set
From the third part of (43) the location of the horizons is given by the condition F (r H ) = 0. We then observe that the sapcetime could admit two horizons locating at
For m 0 > q 0 the radius of horizons is real, however, for these values of r ± H , equation ξ(r H ) = 0 can be rewritten as
from which we see that ξ(r) function will have two real roots. This means that ξ(r) is negative between the roots as the coefficient of r 2 is positive. A negative value for ξ(r) leads to a non-zero imaginary part for B(r) and therefore makes the H(r) function to get complex values which is unphysical. In case in which, m 0 → q 0 , the constant c 4 tends to infinity and this contradicts the asymptotic flatness. We are therefore left with the only case, i.e., m 0 < q 0 for which the spacetime is free of horizon and ξ(r) function will no longer have any real root. Therefore it stays posotive for all values of r and the H(r) function will take real values throughout the spacetime. Figure (2) shows the behavior of metric components as a function of radial coordinate. It is seen that the radial component is always positive and the temporal one is negative so that the signature remains Lorentzian throughout the spacetime.
In figure (3) we have plotted the Kretschmann invariant 3 for the two solutions presented in this subsection. In the left panel, this quantity is finite except in the limit of approach to r = 0 where it diverges. This means that we have a curvature singularity when r vanishes. However, this singularity is necessarily covered by a spacetime event horizon. In the right panel, the Kretschmann scalar is plotted for the second case where we see again this quantity is regular throughout the spacetime and diverges in the limit r → 0, signaling the existence of a curvature singularity at this point. However, the singularity is naked in contrast to a black hole, where it is hidden behind an event horizon. In such a situation, there can be light rays terminating at the singularity reaching faraway observers in the universe exposing thus, the ultra strong gravity regimes to such observers [85] . One way to pursue this issue is to investigate the behavior of timelike and null geodesics around the singularity which could provide useful astrophysical information about the nature of singularity and the interactions with its surrounding medium [86, 87, 88, 89, 90, 91, 92, 93, 94] . 3 The Riemann curvature tensor of affine connection can be found as
whence we can find the Kretschmann scalar through the following relatioñ 
Class B Solutions
For this class of solutions we parametrize the line element as
The field equations (16) and (20) in vacuum then read
as the [r,t] component of (20) ,
as the [θ, θ] and [φ, φ] components of (20) . The field equations for (16) are obtained as
as the [θ, θ, t] and [φ, φ, t] components of (16) . The [θ, θ, r], [φ, φ, r] and [t,r,t] components of (16) are the same as (55) . Solving equation (55) for H(r) we get
where c 1 is a constant of integration. Substituting H(r) into equations (54), (56) and (57)- (59) together with setting A(r) = b 0 B(r) and c 1 = 2a 1 , we arrive at a single differential equation as
where b 0 is dimensionless constant. Solving the above differential equation, we get
where c 2 and c 3 are constants of integration. Substituting the above solution back into equation (60) we finally get the metric function as
For b 0 = −1/2, and a 1 , c 2 and c 3 being positive
4
, the above solution represents a Reissner-Nordstrom black hole with mass and charge given as
respectively. We therefore see that even in vacuum, the interaction between torsion and curvature could lead to a charged black hole solution. The location of event horizon can be obtained by setting H(r) = 0 which gives
For a 1 > 4c 3 /9c there are no event horizons to prevent faraway observers from detecting the curvature singularity at r = 0, signaling that the singularity is naked. Hence, the spacetime torsion could affect the causal structure of spacetime and radius of the horizons. On the other hand, if the singularity is naked, the regimes of extreme gravity would be in causal connection with the observers in the universe and thus proving a suitable setting to detect the footprint of spacetime torsion. 
In case in which 0 < 9G 2 M 2 c 2 Λ < 1, the horizon equation
admits two distinct positive real roots at r = r 1 and r = r 2 so that r 2 > r 1 > 0 with the third root being negative. The smaller root, r 1 corresponds to a black hole-type event horizon, while the larger root r 2 corresponds to a cosmological de Sitter-type event horizon [95] . In this case we observe that the spacetime torsion could play the role of cosmological constant through its coupling with curvature. For 9G 2 M 2 c 2 Λ = 1, the black hole and cosmological event horizons coincide at a null hyper-surface with radius 1/ √ Λ. This class of solution is known as the Nariai solution [96] . Finally for 9G 2 M 2 c 2 Λ > 1, there is no real positive root for equation (67) and thus the curvature singularity at r = 0 is actually naked. We note that once we set a 1 to be zero, the action (10) reduces to the standard ECKS action. We can therefore observe that when a 1 is zero, the field equation (16) in vacuum implies a vanishing torsion field or correspondingly, A(r) = B(r) = 0. We then get for the rest of field equations the following differential equation for metric function as
for which we readily find the solution
This is nothing but the well-known Schwarzschild solution, once we set c 4 = 1 and c 5 = 2GM/c 2 .
Concluding remarks
In the present work we tried to obtain static vacuum spacetimes in generalized ECKS theory by considering higher order terms from curvature and torsion within the gravitational Lagrangian. As we know in ECKS theory, gravitational interactions are not only mediated by spacetime curvature but also such interactions could be due to the spacetime torsion. However these two fields could only interact through the spacetime metric which makes the spacetime torsion to be a non-dynamical field in ECKS gravity as it obeys a pure algebraic field equation. It can therefore be of interest to consider Lagrangians that allow for non-minimal coupling between spacetime torsion and curvature, like scalar tensor theories of gravity [97] . As a result of direct coupling with curvature, the field equations contain derivatives of spacetime torsion and thus making the torsion tensor to propagate even in the absence of matter fields. Therefore, the inclusion of interacting terms between curvature and torsion could provide a framework within which the spacetime curvature and torsion would mutually affect each other and thus, even in vacuum, leading to non-trivial spacetimes as solutions to the field equations. Such a setting may be helpful for seeking the possible effects of spacetime torsion within the gravitational interactions. Two classes of solutions we have found show that both black holes and naked singularities could emerge in vacuum. The first one deals with static spherically symmetric spacetimes admitting curvature singularity that could be either hidden behind the event horizon or can be seen by observers in the universe. The second class of solutions correspond to the well-known static solutions in GR in the presence of e.g. electric field. These solutions also admit spacetime singularities either cloaked within an event horizon of gravity or visible to the external universe. From the observational perspective, a black hole can be distinguished from a naked singularity owing to the physical properties of their accretion disks that may form around them [98, 99, 100] . Moreover, gravitational lensing effects as a result of extreme curvature regions provide astronomers with a suitable tool to search for the observational signatures coming out from a naked singularity so that lensing characteristics of such objects are qualitatively very different from those formed as Schwarzschild black holes [101, 102, 103, 104, 105] . From this point of view, it would be interesting to consider the equation of photon trajectories around these objects and study the different aspects of lensing effects of naked singularities and black holes in oder to possibly detect the effects of spacetime torsion. However, dealing with this issue is out of the scope of the present work.
Finally, as we near to close this paper it deserves to point out a few notes on torsion gravity theories. Not long ago, spacetime torsion, in the context of GR, did not seem to provide cosmological models with observational signatures as the phenomena including intrinsic angular momentum of fermionic particles and gravitation were considered to be significant only in the realm of very early Universe [25] - [32] . However, it has been proven that spin is not the only source for spacetime torsion and in fact torsion can be decomposed into three irreducible parts, with different properties. A beautiful discussion on this issue can be found in [106] where a systematic classification of these different types of torsion and their possible sources is surveyed. Based on geometrical classification of torsion tensors as provided in [106] a wide class of torsion models could be studied independently of spin as their source. Moreover, an alternative approach to gravitational interaction named teleparallel gravity has been presented in [107, 108, 109, 110, 111] which corresponds to a gauge theory for the translation group. Recently, new dynamical degrees of freedom have been introduced inside the teleparallel scheme and as a result more general Lagrangians including nonlinear functions of torsion scalar have been introduced [112, 113, 114, 115, 116] . Cosmological as well as astrophysical applications of these type of gravity theories have been studied in [117] where it is shown that beside spherically symmetric and black hole solutions, a theoretical interpretation of the late-time acceleration of the Universe can be constructed.
Work along this line has been perused to seek for other couplings of spacetime torsion to e.g., scalar fields [118] . In this sense, the form of teleparallel Lagrangian has been extended to include a scalar field and its kinetic term within the Lagrangian. In comparison with above works, the study of torsion theories without resorting to a spin fluid source was the aim of the present paper and in the context of the present model, it was shown that nontrivial spacetimes as the exact solutions to the field equations could be obtained. However, the inclusion of a spin source could possibly provide a richer framework by the virtue of which one is able to search for the footprints of torsion within the gravitational phenomena and indeed, this signals the importance of including torsion within a gravitation theory.
